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SPH 315

QUESTION ONE (30 MARKS)

(1+451)

(a) Show that L

1
e (5 marks)
1—\/3_1'J 2+ 2 l

(b) Evaluate the contour integral j 7 (=)d= using the parameter representation for C, where
.

f(z)= 2’ ‘/ and the curve Cis (5 marks)
(i) the semicircle z = 2¢" 0<f<r
(ii) the semicircle z = 2¢" T<0<2x

(c) Verify that the associated Legendre function 7, (x) = %(3,\—2 - 1) is a solution of the

associated Legendre’s equation (5 marks)
d’e (x de m’
(1-x%) fl)—zx (X)+l(/+l)®(x)— : ® (x)=0; O (x)> P, (x)
dx” dx (l—xz) ’

E3

(d) Gamma functions Lz} isdefined by ' (p) = jx”"e"‘dx , show that (5 marks)

0

(i r(p+1)=pr(p)
(i) T (1)=1
(e) Compute the following limits (5 marks)

lim iz" +1

2
z—> =i z" +1

(f) Deduce that the free space Green function for the divergence of the electric field in the

presence of a charge distribution can be expressed by VLE = M (Gauss’s Law)

&

(5 marks)
QUESTION TWO (20 MARKS)

(@) (i) Deduce the Cauchy-Riemann condition for the analyticity of a complex function
F(z)=u(x,y)+iv(x,y). (8 marks)
(i) Verify that the function (« (x, y) = In (xl + yz) is harmonic and calculate a conjugate harmonic

function v (7 marks)

L2 2 _ Yy
JZx/(). +y )dx— 2 arctan 4

(b) Apply De Moivre’s theorem to express sin (3¢) and cos (36 in terms of sin (6 )and cos(9)
(5 marks)
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QUESTION THREE (20 MARKS)

(a) The Taylor series expansion for a complex function s (:-) with center at a is given by

2 n

(z—a) , (z—a). (:—a)

F(2)= f (@) =S (@) + T S (@) S (a)
Find the Taylor series expansion for
(i) £ () =sin = (4marks)
(ii) 7 (2) = cos z (4 marks)

. ‘ 2w, 2 _ H o | i
(b) The general solution of the Bessel equation -*y"+ -y’ + (_ /2) y =0 with v = A is

y(z)= clJ/Z(z)+clJ_/(z), where

2

n=0 22”1%17!1“(1 +nx %)

y(z):clJ%(z)+clJ_%(z):c)\/gsinz+cz\/gcosz

QUESTION FOUR (20 MARKS)

Show that

(12 marks)

(a) Find the appropriate Green function G (x,z) = > l—y“ (x) ¥, (2)for the equation

n=0

y'+ %y = f (x) with the boundary condition y =0 and y == . (10 marks)
w o d 2
(b) Hermite polynomial #, (x) are given by the Rodrigues formula #_ (x)=(-1)"e" (¢7)
dx"
(i) Calculate the Hermite polynomials #, (x) and #, (x) (6 marks)
(ii) Prove the recurrence relation 2x# , (x)- H!(x)=H,,, () (4 marks)

QUESTION FIVE (20 MARKS)
(a) An important application of the Gama function is in the evaluation of definite integrals
where

F(p)= 2.[ xHe gy
0

Evaluate the normal Gaussian distribution of a statistical measurement of a quantity X,
centered at a mean x , having a random rms error spread o (8 marks)

_\’: N_N
y(X):NE K; where X=( (,%
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(b) (i) Laguerre polynomials . (x) and associated Laguerre polynomials L' (x) of any order can

be calculated using the generating functions
.

x d’ -x k L od
L (x)=¢e X ; L' (x)=(-1) — L, (x
[(x)=e" = ()= (1) T L ()
Calculate the associated Laguerre polynomials L, (x) and L} (x) (8 marks)

(r) andRr,, (r) using the normalized equation
(4 marks)

(i) Evaluate the radial wave functions r

1.0

(22Y (n-1-1) (220 aal 22
R, (r)= | | ———e€ /"I—ILT,+,|—I
k”ar)) 2n((n+/)!) kﬂﬂ” } &nao )
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