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QUESTION ONE (30 MARKS)

a) Let a sequence {f,}, n € N of measurable functions be dominated by an integrable function

g, thatis |f,(x)]| < g(x), holds for every n € N and every x € E and let {f,} converges

pointwise to a function f, thatis f(x) = lim,,_,e f(X) for all x € E. Show that fE f=

limy o [, fr- (6 Marks)
b) If E; and E, are measurable sets, show that (5 Marks)

m(Ey U E3) + m(Ey N Ep) = m(E;) + m(Ey)

c) Define the following terms:

1) Measurable function
i) Lebesgue outer measure (4 Marks)
d) Let {A,} be a countable collection of sets of real numbers. Prove that (5 Marks)
m*(UA) < ) m(4y)
e) Let E be a set of rationals in [0,1]. Show that the characteristic function
1 X€EE
XEC) = {o X¢E
is measurable. (4 Marks)
f) Evaluate the Lebesgue integral of the function f:[0,1] = R. (6 Marks)
1
e = x—l/_3 ifo<x<1
0 ifx=0

QUESTION TWO (20 MARKS)

a) If th sequence {f,} converges in measure to the function f, show that the limit function f is
unique a.e. (5 Marks)

b) Let E be a measurable set wth finite measure and let {f;,} be a sequence of measurable
functions converging almost everywhere to a teal valued function f defined on a set E.
Prove that given £ > 0 and § > 0, there cotresponds a measurable subset A of E with

m(A) < 6 and an integer N such that |f,(x) — f(x)| < € forallx EE — Aandn > N.

(6 Marks)



c) Let f and g be any two functions which are equal almost everywhere in E. Show that if f is
measurable so is g. (6 Marks)
d) Let{f,} be a sequence of measurable functions such that lim,,_,« f, = f a.e. Then f is a

mesurable function. (3 Marks)
QUESTION THREE (20 MARKS)

a) Show thatif A € B, then m*(4) < m*(B). (4 Matks)

b) Prove that every Borel set is measurable. (5 Matks)

) Let {E,} be an increasing sequence of measurable sets, that is, a sequence with C E,;; for
each n. Let m(E;) be finite. Prove that m(U2, E;) = lim,,_,, m(E;). (7 Matks)

d) Show thatif m(E;AE,) = 0 and E is measurable, then E, is measurable. Moreover

m(Ez) = m(E]_) (4 Marks)
QUESTION FOUR (20 MARKS)

a) Let E be a set with m*(E) < 0. Show that E is measurable if and only if given £ > 0, there
is a finite union B of open intervals such that m*(EAB) < &. (10 Marks)
b) If {f} is a sequence of measurable functios converging to f. Show that f is also measurable.
(4 Marks)
) Let f be a measurable function defined on where E; and E, are measurable on E; UE, if

and only if f|g, and f|g, are measurable. (6 Marks)
QUESTION FIVE (20 MARKS)

a) Show that if Ey, E5, ..., Ey, are disjoint measurable subsets of E then every linear
combination ¢ = Y7L, €1 Xg; Wwith real coefficients ¢y, 3, ..., €y, is a simple function and
J & =ZLicm(ED. (6 Marks)

b) Let {f,} be an increasing sequence on non-neagative measurable functions on E. If {f,} —
f point-wise a.e. on E, show that lim,,_,, fE fan= fE f. (5 Marks)

) If {f,} is a sequence of non-negative measurable functions and f,(x) = f(x) almost

everywhere on a set E, then fE f<lim___ fE fa (5 Marks)



d) If f and g are non-negative measurable functions, show that fE f+g9) = fE f+ fE g.

(4 Marks)



