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SECTION I: Answer ALL the questions in this section

QUESTION ONE - 30 MARKS (COMPULSORY)

(a) Dillerentiate, giving an example in each case, helween geoslalistical, areal and point data

[5 mks]
(b) Consider the spatial process {Z(s) : s € D} with zero mean and the following semi-variogram
model 120%h ifh>0
V(h):{ 0,  ifh=0
(i) Define what it means for a process to be weakly stationary. [2 mks]

(ii) By determining the sill (variance) of thus process from the semi-variogram, determine
if the process is weakly stationary. [3 mks]

(c) Suppose that {Z(s):s € D} is a weakly stationary geostatistical process. Fix a constant
7 € R, and let G denote the set of locations s for which Z(s) > 7.

(i) Letting Y'(s) = 1 for each s € G, explain why {Y'(s) : s € D} is a point process.  [2

mks]|
(ii) Letting W(s) = Z(s) — 7 for each s € G, explain why {W(s):s € D} is a marked
point process. [2 mks]
(iii) Explain why we could be interested in studying processes such as Y(s) and W(s). [2
mks]|
(d) Explain the goals of geostatistical data. [5 mks]
(e) Explain the main steps in exploratory data analysis. [4 mks]

(f) Consider a homogeneous Poisson process Z(A) ~ Poisson(\|A), where |A| is the size of the
set A and and ) is the constant first order intensity function. Now suppose a Bayesian ap-
proach to inference is adopted and the prior distribution for X is given by A ~ Gamma(a, b)
for some constants (a, b). Compute the posterior distribution for A given the data Z(A),
that is, what distribution is f(\|Z(A))? [5 mks]

SECTION II: Answer any TWO questions from this section

QUESTION TWO - 20 MARKS

(2) Suppose that {Z(s) : s € D} is a stationary isotropic geostatistical process with zero mean
and covariance function given by

h
2 1k .
C(h) = o exp (—¢), ifth>0

& 12, h=0

(i) Compute C(3) for 0 =2 and 7 =5 when (i) ¢ = 0.5 and (ii) ¢ = 2. Comment on the

change of correlation range with the change in ¢. [5 mks]

(ii) Giving reasons for your answer, what are the range, sill, nugget, and partial sill for

this covariance model? [3 mks]

(iii) In terms of the covariance function, derive an expression for the semi-variogram. [2
mks]

(iv) Sketch the shapes of covariance and the variogram functions for the model above. [4
mks]



(b) A binned empirical semi-variogram was plotted of a data set together with 95% Monte
Carlo envelops, and ythe plot is as shown below.
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(i) Describe two disadvantages with the estimation of the binned empirical semi-variogram.
[2 mks]

(ii) Estimate the nugget, sill and range of the process. [2 mks]

(iii) What do you conclude about the presence of spatial autocorrelation in these data? [2
mks]|

QUESTION THREE - 20 MARKS

(a) Suppose that {Z(s) :s € D} for D C R? is a stationary Gaussian process with zero mean
and an isotropic Gaussian covariance function with parameters 72 =0, 62 > 0 and ¢ > 0.

(i) Write down the log likelihood function for the data z = (2(s1), ... z(sn)) [3 mks]

(ii) Derive the maximum likelihood estimator of o in terms of ¢. [5 mks]

(iii) Using this estimator of o2, writc down the profile likclihood only in terms of ¢. Using
your expression, explain why there is no closed form expression for maximum likelihood
estimator of ¢. [5 mks]

(b) Let {Z(s) :s € D} for D C R? be a stationary process with mean ;2 and an isotropic
exponential covariance function with parameters 72 > 0, 62 > 0 and ¢ > 0. Suppose we
observe data at two locations a distance one unit apart. Calculate the BLUP at location
so halfway between the two observed locations. [7 mks]

QUESTION FOUR - 20 MARKS

(2) Suppose that {X(s) : s € D} is a weakly stationary process with mean px and covariance
function Cx(.) and {Y(s) : s € D} is a second weakly stationary process with mean py and
covariance function Cy (.). Further let Cov(X(s), Y (s +h)) = w. Then consider

2(s) = 5(X(s) + Y (5)).

(i) Derive the mean and covariance functions and determine if Z(s) is weakly stationary.
[5 mks]



(ii) Calculate the covariance function and semi-variogram of Z(s) if both (X(s), Y(s))
have mean zero and exponential covariance functions with common parameters (o2, 72, 4).
What covariance model is this? [5 mks|

(b) Consider a spatial domain with 4 regions ordered as [A | B | C' | D] with data values Z(A4) =
1, Z(B) = 2, Z(C) = 3 and Z(D) = 4. Then consider the following two neighbourhood

matrices:
0100 0101
1 010 1 010
Wislo 1010 W= |01 01
0 010 1 010
Compute Moran’s I for both neighbourhood matrices, and describe why the estimate using
W, is larger than the estimate using Wo. [5 mks]

(c) Consider random variables (¥;, Y3) that have the following conditional distributions:
V|Y; ~ N(ag + a1Y3,0%), Yalta ~ N(Bo + 1YY, 07).

Using the fact that E(X) = Ey(Ex(X[Y)), calculate E(Y;) and E(Y3) and define the con-
ditions that must hold for these conditional distributions to be complete with each other.
[5 mks]

QUESTION FIVE - 20 MARKS

(a) For a domain D C R2, suppose X is an inhomogeneous Poisson process with first order
intensity function Ax(s), that is independent of Y, an inhomogeneous Poisson process with
intensity function Ay (s). The superposition of X and Y is defined to be

Z =XUY,
the set of all points contained in X or Y.

(1) Show that for any s € D Az(s) = Ax(s) + Ay (s). [5 mks]

(ii) Show that Z is an inhomogeneous Poisson Process with intensity Az(s). [6 mks|

(b) For a domain D C R?, let Z denote a homogeneous Poisson process with first order intensity

function .
(1) Write down the properties that characterize this Poisson process. [4 mks]
(i) Is Z a stationary and isotropic spatial point process? Explain your reasoning. [3
mks]
(iii) Derive Ripley’s K function for Z. [3 mks]



