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UESTION ONE (20 MARK:

a)

b)

d)

Let X be a finite dimensional normed linear space and T be a bounded linear operator
on X. Show that the spectrum of T consists only of eigenvalues of T i.e. o(T")= Po(T).

(4 marks)
Let X be a Banach space and T be a bounded linear operator in X. Show that the
resolvent function R(;T): p(T)— B(X) is analytic and that the resolvent set p(T) is

open in C.

(6 marks)
Let X be a Banach space and p be a polynomial with complex coefficients. Let T B(X).
Show that o(p(T)) = p(c(T)) where p(c(T))={p(1): 1 € o(T)}.

(6 marks)
Let X be a complex Banach space and T e B(X) which is invertible. Show that
c)'(T"1 )= {o(T))" where {o(T)}" = {/1‘1 :de o*(T)}.

(4 marks)

QUESTION TWO (20 MARKS)

a)

b)

1
Let H be a complex Hilbert space andT e B(H). Show that lim|T”||" exists and equals

h—®

the spectral radius of T i.e. 7(T).

(9 marks)
Let H be a Hilbert space and7 e B(H). Show that the following statements are

equivalent.
i. Thereisa AeII(T) such that |4|=|T].
i, 7] = Sup{|(Tx, x)|: x & H and || =1]. (7 marks)
Let H be Hilbert space and T e B(H) be normal. Show that the approximate point

spectrum of T equals the spectrum of T i.e. II(T) = o(T).
(4 marks)

QUESTION THREE (20 MARKS)

a)

b)

Let H be a Hilbert space and T € B(H) be normal. Show that the spectral radius of T
equals the norm of T i.e. #(T)=|T].

(6émarks)
Let X be a complex Banach space and T e B(X). Show that there is a 4 € o(T') such that

|/1| = r(T). (Note that when X is a complex Banach space, then O'(T);t @).

(4 marks)
Let H be a Hilbert space and T € B(H) be normal. Show that the residual spectrum of T
is void i.e. RO‘(T) =¢. (4 marks)
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d) Let H be a Hilbert space and T € B(H). Show that a closed linear subspace M of H is T-

invariant if and only if M* is T"-invariant.

(3 marks)
e) Let H be a Hilbert space and M be a closed linear subspace of H. Let T e B(H). Show

that M is T-invariant if and only if PTP=TP where P is orthogonal projector on H onto
M.
(3 marks)

QUESTION FOUR (20 MARKS)

a) Let H be a Hilbert space and T € B(H). Let M be a closed linear subspace of H and P is

orthogonal projector on H onto M. Show that the following statements are equivalent
i.  MreducesT.

ii. Mreduces T".

iii. PoT.

iv.. PeoT.

v. M" reducesT.

vi. M* reduces T". (7 marks)

b) Let H be a Hilbert space and T e B(H) be positive. Show that T is self-adjoint but the

converse need not be true.
(5 marks)
c) Let H be a Hilbert space and P, Q be orthoprojectors on H. Show that PQ is an
orthoprojector if and only if P <> (), also show that in this case R,, =M NN where M

and N are the closed linear subspaces of H onto which P and Q project.
(5 marks)
d) Let 7,S e B(X) and {T, :@ € A} be a summable family of elements of B(X) such that

>'T,=T. Show that {ST,:aeA} and {I,S:aecA} are summable to ST and TS

aelh .

respectively. (3 marks)

QUESTION FIVE (20 MARKS)
a) LetH be a Hilbert space and T € B(H) be positive. Show that
i. |<Tx, y>’2 <(Tx, x)(Ty, y) forall x,ye H .

ii. ||Tx”2 <|T|(Tx, x) forall xe H. (5 marks)
b) If §20,7>0 and S < T, show that
. ST=>0

ii. VST =+SVT. (4 marks)
c) Let H, K be Hilbert spaces. A linear operator U e B(H, K) is a partial isometry if and
only if it is isometric on the orthogonal complement of its null space 7, .

(5 marks)
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d) Let H be a Hilbert space and T e B(H) be normal. Show that T has a polar

decomposition 7 =US where U is unitary and S > 0. Moreover show that U < S (i.e.
US=S8SU=T).If T is O-invertible, show that the decomposition is unique.

(6 marks)

END
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