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QUESTION ONE (20 MARKS)
Let H be a Hilbert space and T € B(H) be a bounded linear operator on H. Show that

1. The adjoint of 7, T* is unique, linear and bounded (10 marks)

ii. T = T (3 marks)

iii. | T*T| = |ITII? (3 marks)

iv. (T*)'=T (1 mark)

V. (ST)* =T*S" (3 marks)
QUESTION TWO (20 MARKYS)

a. Let Hbe a Hilbert space and let T € B(H) be a bounded linear operator on /. Show that
the resolvent set p(T) for T is an open set in C and that the spectrum o(T) forTisa
closed set C. (5 marks)

b. Let (e,,) be an orthonormal basis for the infinite dimensional separable Hilbert space H.
Define 7, a one sided operator on H with respect to this basis and determine its spectrum.

c. Let T'be a compact, self-adjoint linear operator on a finite dimensional Hilbert space H.
Show that H admits an orthonormal basis (e,,) consisting of eigenvectors for 7. Discuss
the finite dimensional and infinite dimensional cases. (Spectral Theorem for Compact
Operators)

QUESTION THREE (20 MARKS)

a. Let P be a bounded self-adjoint linear operator on the Hilbert space / and assume that P
is idempotent. Show that P is the orthogonal projection into the closed linear subspace

M = {z € H | Pz + z} (fixed space for P) (10 marks)
b. Let L be a closed subspace of a Hilbert Space H. Show that H can be expressed as a
direct sum of L and its complement, H = L @ L*. (10 marks)
QUESTION FOUR (20 MARKS)
a. State and prove the Parallelogram Law. (3 marks)
b. Prove that the norm ||-||, on a linear space E induced by an inner product , ) in it if and

only if the norm satisfies the Parallelogram Law and that in this case the inner product is
given by the Polarization Identity. (17 marks)



QUESTION FIVE (20 MARKS)

a. Show that if a sequence of bounded linear operators (4,) is a Cauchy sequence at every
point of a Banach space, then the sequence {llA,II} of these operators is uniformly
bounded (Banach-Steinhaus Theorem).

b. LetX and Y be two Banach spaces. Let {4} be a sequence of bounded linear operators
mapping X — Y such that {A,x}isa bounded subset for each x € X. Show that the
sequence {||A,x||} of norms of these operators is bounded (Uniform Boundedness
Principle).

c. LetX = {x = {x}: onlyafinite number of x are non — zero} and ||x|| = sup; ;.
Consider the mapping which is a linear functional defined by f,(x) = Yi=1%j-
Determine whether or not the sequence of functionals satisfies the Uniform Boundedness
Principle.






