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QUESTION ONE (20mks)

a) Explain the different between sink, source and saddle equilibrium points. (3mks)
b) Expand f(x) = sinx,0 < x < ina Fourier cosine series. (4mks)
c) Solvey”(t) +y(t) = 1giveny(0) = 1,y'(0) = 0 by use of Laplace transforms (4mks)
d) Discuss the existence of solutions, stating their nature for the following ODE’s
)y =2x y0)=1
i)  x»/=y-1y0)=1
iii) y’2 +y*+1=0 »(0)=1 (3mks)
e) Show that the origin is locally stable for a mathematical pendulum X,= x,,X, = —%sin x,. Use
2 .2
a Lyapunov function candidate v(x) = (1—cos x,)gl+ (3mks)
- 3
f) Use elimination method to solve x_ _x +3y (3mks)
y=x-—-Yy
QUESTION TWO (20mks)
. -1 X,
a) Find the quadratic Lyapunov function for the system x = Ax = 0 3 . Is the system
— x2
stable or asymptotically stable? (4mks)
—1\n—1
b) Find a Fourier series for f(x) = x%,0 < x < 2, hence evaluate Z;’{’zl(—;)z— (4mks)
c) Prove that e”e” =" vtiff BA= AB (2mks)
d) Solve the difference equation yi+1 = 2y, ;k=012..;5, =3 (3mks)
e) Let ¥ be a positive semi orbit in a closed bounded subset K of R*and suppose K hasonly a
finite number of critical points, then proof that the following is satisfied (7mks)

i)

o(y™) is a critical point
o(y*)is a periodic orbit
@(y") contains a finite number of critical points and a set of orbits y; with a(y;) and

@(y") consisting of a critical point for each orbit ,



QUESTION THREE (20mks)

dx
—=x+3x
a) Solve the system of the differential equation d‘;t (6mks)
ar =5x+ 3y

b) Show thatthe o — and @—limit setsofan orbit y are closed and invariant. Furthermore,

if #*(7") is bounded, then the @ — (&—) limit set is non empty, compact and connected,
dist(§(t, p),w(y(p)) = Oas t > coand dist(p(t, p),a(y(p)) —> 0 as t > . (8mks)

c) Expand f(x) = x2,0 < x < 2m in a Fourier series if the period is 21 (6mks)
QUESTION FOUR (20mks)
. : : , 2y,
a) Discuss the existence and unique solution for the IVP y' =—="y(x,) = y, (5mks)
x
dx _ _
i dx+y+z
b) Find the general solution to the system %’ =x+5y—z (6mks)
L_y-3
a Y %%
c) Classify all of the equilibrium points of the nonlinear system x = f(x) with
2 2
x; —x,; —1
fxy=|" 7 (7mks)
2%,
d) Find L(te3%) (2mks)
QUESTION FIVE (20mks)

a) Prove thatthe set W isopen, gis continuous and increasing on W and the sequence

{g*(w)} k=0,1,..n <oois monotonic where gfw)=g(g'w), k= 1,2,..g8°(w)=w

(9mks)
b) Show that if x(¢)is an n x n matrix solution of x = A(f)x, then either detx(¢) # Oforall ¢ or
det x(¢) =0for ¢ (5mks)
c) Discuss the stability of the nonlinear system (6mks)



