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QUESTION ONE (COMPULSORY) [30 MARKS]
(a) What is a partial differential equation? [1 mark]

(b) Classify the following PDE as Parabolic, Hyperbolic, or Elliptic

(1) Ugg + Uy, =0 [2 marks]
(1) vae — Sugy + duyy + 2y +uy +5u=2 [2 marks]
(c) Determine the type of equation and transform it into its canonical form [5 marks]

2
Ugy — T Uyy =0

(d) Solve the Initial value problem using the d'Alemberts formula, [5 marks]
utt—52um=0 —oco<x<oo
u(z,0) = 22, ut(z,0) = cosz
(e) Solve the partial differential equation using the method of characteristics [6 marks]
Uy =TUg=1—1n u(z,0) = cosz

(f) Write down an explicit formula for the function u that solves the transport equation

[5 marks]
ug+bug=ku in R"x][0,00)
u=g on R"x(t=0)

(g) Solve wave equation by methods of separation of variables [5 marks]

o%u 502U

iy 5 i >

oz~ "o 120

u(0,t) =0, w(l,t)=0, 0<z<l

QUESTION TWO [20 MARKS]

(a) Using the change of variable £ = z +t and n = z — t. Show that uz, — uy = 0 if and only if
Ugn =0 [4 marks]

(b) An insulated rod of length 10cm has its ends A and B maintained at 20° and 70° respectively
until steady state conditions prevail. The temperature at the ends are changed to 30° and
500 respectively. Find the temperature distribution in the rod at time ¢ [6 marks]

(c) Determine the regions in the zy-plane where the following equation is hyperbolic, parabolic,
or elliptic [4 marks]

1
Ugz + YUyy + §uy =0



(d) The temperature T'(z,t) in a stationary medium, z > 0, is governed by the heat conduction

equation (6 marks]
T  o°T
ot 0x?

Making the change of variable (z,t) — (u,t), where u = ZL\/Z show that

ar ~ ou? Y ou

QUESTION THREE [20 MARKS]
(a) Find the Greens function for the Dirichlet boundary value problem (BVP) [6 marks]

V2u=um+uyy=F for z>0,y>0

(b) Solve the cauchy problem by method of characteristics [5 marks]
Uy + ug =0, u(z,0) =z
(c) Find the eigenvalues and eigenfunctions of the Laplacian [5 marks]

Ugg + Uyy + AU in 2

uw(0,y) = 0 = u(a,y) 0<y<b

u(z,0) =0 = u(z,b) 0<z<a
(d) Find the Fundamental solution of the Laplace equation tzy 4 uyy = 0 [5 marks]
QUESTION FOUR [20 MARKS]
(a) State the maximum principle for the laplace’s equation [2 marks]
(b) Solve the non-homogeneous wave equation [7 marks]

Ut — Ugy = TSINE t>0, —0o<z<©
u(z,0) = cosz, w(z,0) = 22

(c) Reduce to canonical form [6 marks]

&%u 9%u 8%u  Ou

522 T oaty T B T8 O

(d) Suppose that the subharmonic function u satisfies
V2u = Fin Q, with F > 0 in Q.

Prove that u(z,y) attains its maximum on 0. [5 marks]|



QUESTION FIVE [20 MARKS]

(a) Suppose that % - % < 0in V and u(z,0) < M. [4 marks]
Then u(z,t) < M in Vp

(b) Verify that u(z,y) = In(y/z? + y?) satisfies the equation ugy +uy, = 0 for all (z,y) # (0,0)

[5 marks]
(c) Solve the given PDE (6 marks]
g = 2%ugy 0w <2,
u(0,t) =3 u(2,t) =4
u(z,0) = 3, t>0

(d) Using the Green’s formula show that the first fundamental formula for heat equation is given
by [6 marks]

ou v
/(?Ruv dz + (va—z "= uﬁ_m)dt =0



