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QUESTION ONE (20 MARKS)

a. Let{ey,e,, ..., e,} be alinearly independent set of vectors in a normed linear space X of
any finite dimension. Show that, in this case, there is a number ¢ > 0 such that for every

choice of scalars a4, a3, ..., @, we have
laie; + aze; + ot anenll =c(lagl + laz| + -+ lagl), ¢ > 0 (15 marks)
b. Show that every finite dimensional normed linear space is complete. (5 marks)

QUESTION TWO (20 MARKS)

Consider an operator Tx(t) = fab k(t,s)x(s)ds, with k(t, s) a continuous function of #
andsa <t,s <b.

1. Determine whether or not the operator 7 is a linear.
ii. Determine whether T is bounded.
iii. Find ||T]].

QUESTION THREE (20 MARKS)

a. Prove that if Xis a normed linear space and Y is complete, then the space of bounded

linear operators from X into Y is also complete.
b. Let X be a normed linear space into over R or C. Show thatif A,B € B(X,Y), then their

product AB € B(X,Y) and ||AB|l < |AlllIBII.

c. Let A: R™ — R™ where R™ and R™ have the £; —norm, ||x|l; = XiZ4|&;| for x =
(&, &2 » Em), then [|Ally, = maxy < <n 2y [l
QUESTION FOUR (20 MARKS)

a. Suppose X is a linear space with inner product (- o). Ifx, »xandy, @ yasn — oo,

prove that (x,, y,) = (x,y)asn — . (5 marks)
b. Let X be a normed linear space. Prove that X is a Banach space if and only if the series

¥%_, a, converges, where (a,,) is any sequence in X satisfying Yome1llanll < oo.

(15 marks)
QUESTION FIVE (20 MARKS)
a. Let X be an inner product space and let {xq, x5, -+, xy} be an orthonormal set. Prove
that [|x — XN_; cpXy || is minimized by choosing ¢, = (xn, X). (7 marks)

b. Show that £,,1 <p < oo equipped with the [|-]|,, is a Banach space. (8 marks)
c. State and prove Riesz Representation Theoerm. (5 marks)



