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QUESTION ONE COMPULSORY (30 MARKS)

a.
b.

Show that in an integral domain, if ab = ac,a # 0 then b = c. (4 marks)
Let r and s be arbitrary elements of a ring R. Prove that (—=1r)s = r(—s) = —(rs)

(5 marks)
Find the gcd of f = x* — x>+ x —land g = x* — x* + x — 1 in Q[x] and express it
as a linear combination of these polynomials. (6 marks)
Explain what is meant by a polynomial being irreducible. Show that x? + x + 1is the
only irreducible quadratic over Z,. (5 marks)
State the Remainder Theorem. Verify the Remainder Theorem for
f(x)=2x3+x+1 € Zg[x] fora = 2. (5 marks)
Prove that the characteristic of an integral domain is a field is either 0 or a prime.

(5 marks)

QUESTION TWO (20 MARKS)

Let R = Z(i) = {a+ bi | a,b € Z} be the ring of Gaussian integers and let

a.
A = (2 + )R denote the ideal of all multiples of (2 + ). Describe the cosets inR/A.
(15 marks)
b. Prove that every finite integral domain is a field. (5 marks)
QUESTION THREE (20 MARKYS)
Show that m3® — 6n? = 3 has no solution in Z. (7 marks)
. [R K . T S| _ . :
b. If6: [O rl ~ R x Ris given by 6 [0 t] = (r,t). Show that @ is an onto ring
homomorphism. (7 marks)
c. Letf = ghinZ[x]. Ifaprimep € Z divides every coefficient of f, show that either p

divides every coefficient of g or p divides every coefficient of 4 (Gauss Lemma). (6
marks)

QUESTION FOUR (20 MARKS)

a.

b.

If R is a commutative ring, an ideal P # R of R is a prime ideal if and only if R/P is an
integral domain. (10 marks)
Let A be an additive subgroup fo a ring R. Prove that the following are equivalent.

i. The multiplication (r + A)(s + A) = rs + Ais well defined on R/A.

ii. Ra S AandaR < Aforallain 4. (10 marks)



QUESTION FIVE (20 MARKS)

a. Showthat R = {[Z —ab] la,b € IR} is isomorphic to C. (8 marks)

b. Let a, b be elements in a ring R which commute. Prove that for eachn = 0,
n_ (M n n n-1 n n-2p2 n n—1 n\ . n
(a+b) —(O)a +(1)a b+(2)a b+ ..+ (n_l)ab +(n>b

n!

Where (Z) = i denotes the binomial coefficient. (Binomial Theorem). (8 marks)

c. Factor f = x* — x3 — x? — x — 2 as far as possible in Q[x]. (4 marks)
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