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QUESTION ONE (30 MARKYS)

a) Define the term Lebesgue measure. (2 Marks)

b) Show that if E € M then for any given € > 0, there exists a closed set F c E such
that m(E\F) < e. (4 Marks)

c) If f and g are measurable functions defined on E € M. Prove that f + g is also
measurable. (6 Marks)

d) If {f,}is a sequence of non-negative measurable functions and {f;;: n = 1} increases
monotonically to f(x) for each x that is f;, 7 f pointwise, show that (6 Marks)

gijrgolsffn(x)dm=!fdm

e) Prove that if f is a measurable function, then the level set {x:f(x) =a} is
measurable for every a € R. (4 Marks)
f) Investigate the convergence of

[oe]

a2l
n2xe—n’x
——dx

1+ x?
Fora > 0, and for a = 0. : (6 Marks)
g) State the Dominated Convergence Theorem. (2 Marks)
QUESTION TWO (20 MARKS)
a) Suppose f is a non-negative measurable function prove that f = 0 a.e. if and only
if (7 Marks)
f fdm=0
R
b) Show that for a sequence of non-negative measurable functions f;, we have
(6 Marks)

f;fndmzrz;ffndm.

c) If f and g are integrable, f < g, prove that [ f dm < [ g dm. (4 Marks)

d) Distinguish between an inner measure and an outer measure. (3 Marks)

QUESTION THREE (20 MARKS)

a) Use the dominated convergence theorem to find (4 Marks)



lim .[ frn(x)dx.
n—00
1

b) Find a formula describing m(A U B) and m(A U B U () in terms of measures of the
individual sets and their intersections. (6 Marks)

c) Suppose that 4, € M foralln > 1.If A, c A, 44, for all n, show that (11 Marks)
m(U A,) = lim m(4,)
n—oo

QUESTION FOUR (20 MARKS)
a) Let E be a measurable subset of R. Show that
i) f:E — Risameasurable subset if and only if both f* and f~ are measurable.

(6 Marks)
ii) If f is measurable, then so is |f| but the converse is false. (6 Marks)
b) Show that if f is measurable, then the truncation of f
70 ={t i fy <o
is also measurable. (6 Marks)
c) Find a non-measurable function f such that f? is measurable. (6 Marks)

QUESTION FIVE (20 MARKS)
a) Suppose {f,} and f are non-negative and measurable. If {f,} increases to f almost

everywhere, show that

.Effndm/‘éffdm

For all measurable sets E. (8 Marks)

b) If {f,} is a sequence of non-negative measurable functions, show that (12 Marks)

liminff fadm = f (liminffn) dm
n—0o
E

n—oo
E



